We compute the two-loop renormalization functions, in the RI ′ scheme, of local bilinear quark operatorsψΓψ, where Γ corresponds to the Vector, Axial-Vector and Tensor Dirac operators, in the lattice formulation of QCD. We consider both the flavor nonsinglet and singlet operators.
I. INTRODUCTION
Numerical simulations of QCD, formulated on the lattice, make use of a variety of composite operators, made out of quark fields. In particular, matrix elements and correlation functions of such operators, which include local and extended bilinears, as well as fourfermion operators, are computed in order to study hadronic properties in this context. A proper renormalization of these operators is essential for the extraction of physical results from the dimensionless quantities measured in numerical simulations.
The present paper is the second in a series of papers regarding the calculation of renormalization functions of fermion bilinear operators to two loops in Lattice perturbation theory.
The calculation of the scalar and pseudoscalar cases was carried out in Ref. [1] . In this work we study the renormalization function Z Γ of fermion bilinears O =ψΓψ on the lattice, where Γ = γ µ , γ 5 γ µ , γ 5 σ µ ν (σ µ ν = 1/2 [γ µ , γ ν ]). We consider both flavor singlet and nonsinglet operators. We employ the standard Wilson action for gluons and clover-improved Wilson fermions. The number of quark flavors N f , the number of colors N c and the clover coefficient c SW are kept as free parameters. One necessary ingredient for the renormalization of fermion bilinears is the 2-loop quark field renormalization, Z ψ , calculated in [1] . The one-loop expression for the renormalization function Z g of the coupling constant is also necessary for expressing the results in terms of both the bare and the renormalized coupling constant.
Our two-loop calculations have been performed in the bare and in the renormalized Feynman gauge. For the latter, we need the 1-loop renormalization functions Z α and Z A of the gauge parameter and gluon field respectively, as well as the one-loop expressions for Z Γ with an arbitrary value of the gauge parameter.
The main results presented in this work are the following 2-loop bare Green's functions (amputated, one-particle irreducible (1PI)):
• 2-pt function of the vector operatorψγ µ ψ : Σ L V (qa L )
• 2-pt function of the axial-vector operatorψγ 5 
• 2-pt function of the tensor operatorψγ 5 
(a L : lattice spacing, q : external momentum).
In general, one can use bare Green's functions to construct Z X,Y O , the renormalization function for operator O, computed within a regularization X (X = L: lattice regularization; X = DR: dimensional regularization) and renormalized in a scheme Y . We employ two widely used schemes to compute the various two-loop renormalization functions: . The values of all these functions, computed on the lattice, coincide with values computed in dimensional regularization (we derive the latter from the results of Ref. [2] ).
The present work, along with [1] , is the first two-loop computation of the renormalization of fermion bilinears on the lattice. One-loop computations of the same quantities exist for quite some time now (see, e.g., [3] , [4] , [5] and references therein). There have been made several attempts to estimate Z O non-perturbatively; recent results can be found in Refs. [6, 7, 8, 9, 10, 11] . A series of results have also been obtained using stochastic perturbation theory [12, 13, 14] . A related computation, regarding the fermion mass renormalization Z m with staggered fermions can be found in [15] .
The paper is organized as follows: Section II provides a formulation of the problem, as well as all necessary definitions of renormalization schemes and of the quantities to compute.
Section III describes our computational methods and results. Finally, in Section IV we discuss some salient features of our calculation, and comment on future extensions to the present work.
Recently, there has been some interest in gauge theories with fermions in different representations [16] of the gauge group. Such theories are being studied in various contexts [17, 18, 19, 20, 21, 22] , e.g., supersymmetry [23] , phase transitions [24] , and the AdS/QCD correspondence. It is relatively straightforward to generalize our results to an arbitrary representation; this is presented in Appendix A. Some special features of 2-, 3-and 4-index superficially divergent integrals are described in Appendix B. Finally, a detailed presentation of our calculation results on a per diagram basis, is provided in Appendix C.
II. FORMULATION OF THE PROBLEM A. Lattice action
In the present work we employ the Wilson formulation of the QCD action on the lattice, with the addition of the clover (SW) [25] term for fermions. In standard notation, it reads:
where :
and :
S G is the standard pure gluon action, made out of 1×1 plaquettes. The clover coefficient c SW is treated here as a free parameter; r is the Wilson parameter (set to r = 1 henceforth);
f is a flavor index; σ µν = (i/2)[γ µ , γ ν ]. Powers of the lattice spacing a L have been omitted and may be directly reinserted by dimensional counting.
The "Lagrangian mass" m o is a free parameter here. However, since we will be using mass independent renormalization schemes, all renormalization functions which we will be calculating, must be evaluated at vanishing renormalized mass, that is, when m o is set equal to the critical value m cr :
.
B. Definition of renormalized quantities
As a prerequisite to our programme, we will use the renormalization functions, Z A , Z c , Z ψ , Z g and Z α , for the gluon, ghost and fermion fields (A a µ , c a , ψ), and for the coupling constant g and gauge parameter α, respectively (for definitions of these quantities, see Ref.
[1]); we will also need the fermion mass counterterm m cr . These quantities are all needed to one loop, except for Z ψ which is required to two loops. The value of each Z O depends both on the regularization X and on the renormalization scheme Y employed, and thus should properly be denoted as Z X,Y O . Our one-loop results for the Vector and Axial-Vector operators, even though performed in a generic gauge, turn out to be independent of the gauge parameter. These results along with the one-loop expression for the Tensor operator, are in agreement with results found in the literature (see, e.g., Ref. [5] ).
As mentioned before, we employ the RI ′ renormalization scheme [26, 27, 28] , which is more immediate for a lattice regularized theory. It is defined by imposing a set of normalization conditions on matrix elements at a scaleμ, where (just as in the MS scheme)
where γ E is the Euler constant and µ is the scale entering the bare coupling constant g • = µ ǫ Z g g when regularizing in D = 4 − 2ǫ dimensions.
C. Conversion to the MS scheme
For easier comparison with calculations coming from the continuum, we need to express our results in the MS scheme. Each renormalization function on the lattice, Z L,RI ′ O , may be expressed as a power series in the renormalized coupling constant g RI ′ . For the purposes of our work the conversion of g RI ′ to MS is trivial since:
The conversion of the gauge parameter α RI ′ to the MS scheme is given by [30] :
where the conversion factor C A may be calculated more easily in dimensional regularization (DR) [2] , since the ratio of Z's appearing in Eq. (6) is necessarily regularization independent.
To one loop, the conversion factor C A equals:
(Here, and throughout the rest of this work, both g and α are in the MS scheme, unless specified otherwise.)
Once we have computed the renormalized Green's functions in the RI ′ scheme, we can construct their MS counterparts using the quark field conversion factor which, up to the required perturbative order, is given by:
where
is the quadratic Casimir operator in the fundamental representation of the color group; ζ(x) is Riemann's zeta function.
D. Renormalization of fermion bilinears
The lattice operators O Γ =ψ Γ ψ must, in general, be renormalized in order to have finite matrix elements. We define renormalized operators by
The flavor singlet axial-vector Green's function receives additional contributions as compared to the nonsinglet case, while for the rest of the operators under study, singlet and nonsinglet Green's functions coincide. For the vector (V), axial-vector (AV) and tensor (T) operators, the renormalization functions Z L,RI ′ Γ can be extracted through the corresponding
) on the lattice. Let us first express these bare Green's functions in the following way:
It is worth noting here that terms which break Lorentz invariance (but are compatible with hypercubic invariance), such as γ µ (q µ ) 2 /q 2 , turn out to be absent from all bare Green's functions; thus, the latter have the same Lorentz structure as in the continuum. Let us also point out that the presence of the γ 5 matrix in the tensor operator definition does not affect the bare Green's function on the lattice, in the RI ′ scheme. We have performed the calculation both with and without the inclusion of the γ 5 matrix, and we ended up with identical 2-point functions. Thus, for the purpose of converting our results to the MS scheme, we employed the conversion factors given in Ref. [2] , where the definition of the tensor operator does not contain the γ 5 matrix. Furthermore, we expect that Σ
T (qa L ) must vanish, since this is the case for the corresponding quantity coming from the continuum.
Indeed, after performing the calculation on the lattice, it turns out that all contributions of this type vanish.
Once all necessary Feynman diagrams contributing to the bare Green's functions presented above are evaluated, one can obtain the renormalization functions for the three operators through the following conditions:
where:
T (qa L ) = 0
The conversion of the quantities Z L,RI ′ Γ to the MS scheme is a straightforward procedure.
In the case of the vector and tensor operators, the renormalization functions, Z
, can be obtained by:
where C Γ (g, α) are regularization independent conversion factors (Γ = V, T ). These conversion factors have been calculated in dimensional regularization [2] :
Unlike the tensor operator, where the presence of the γ 5 matrix is irrelevant, the axial-
requires special attention also in the MS scheme, due to the non-unique generalization of γ 5 to D dimensions. A practical definition of γ 5 for multiloop calculations, which is most commonly employed in dimensional regularization and does not suffer from inconsistencies is [31] :
Of course, γ 5 as defined in Eq. (18) does not anticommute (in D dimensions) with γ µ , for µ ≥ 4; an ultimate consequence of this fact is that Ward identities involving the axial-vector and pseudoscalar operators, renormalized in this way, are violated.
To obtain a correctly normalized axial-vector operator [32] , O M S ′ AV , one must introduce an extra finite factor, Z 5 , in addition to the usual renormalization function Z
DR,M S AV
(the latter only contains poles in ǫ). We set:
For the definition of Z 5 we must express the MS renormalized Green's functions G 
Z 5 is then defined by the requirement that the renormalized Green's functions G
Eq. (19) is valid for both the singlet and nonsinglet currents, provided of course, the appropriate choice for Z 5 is used. Thus, we have two different expressions, Z were evaluated in DR [32] and up to two loops they read:
can now be obtained by:
where Z 5 stands for Z 
(In Eqs. (24) (25) it is understood that powers of g RI ′ , α RI ′ , implicit in RI ′ quantities, must also be converted to g M S , α M S , respectively, using Eqs.(5-6)). Note that the combination
III. COMPUTATION AND RESULTS
The Feynman diagrams contributing to the bare Green's functions for the vector, axial- The evaluation and algebraic manipulation of Feynman diagrams, leading to a code for numerical loop integration, is performed automatically using our software for Lattice Perturbation Theory, written in Mathematica.
The most laborious aspect of the procedure is the extraction of the dependence on the external momentum q. This is a delicate task at two loops; for this purpose, we cast algebraic expressions (typically involving thousands of summands) into terms which can be naively Taylor expanded in q to the required order, plus a smaller set of terms containing superficial divergences and/or subdivergences. The latter can be evaluated by an extension of the method of Ref. [33] to 2 loops; this entails analytical continuation to D > 4 dimensions, and splitting each expression into a UV-finite part (which can thus be calculated in the continuum, using the methods of Ref. [34] ), and a part which is polynomial in q. A primitive set of divergent lattice integrals involving gluon propagators, which can be obtained in this manner, can be found in Ref. [35] . Due to the presence of at least one free Lorentz index in the definition of the operators (for the case of the tensor bilinear there are two such indices), it is possible to end up dealing with superficially divergent integrals with two, three or even four free Lorentz indices. In Appendix B, we provide a brief description of the manipulations performed to resolve such terms, based on the method described above. are formed by diagrams (3-7), (8-9), (10) (11) 19) in Fig. 2 and diagrams (1-2), (3) (4) in Fig.   3 .
In Figs. 1 to 3, "mirror" diagrams (those in which the direction of the external fermion line is reversed) should also be included. In most cases, these coincide trivially with the original diagrams; even in the remaining cases, they can be seen to give equal contribution, by invariance under charge conjugation.
As mentioned before, all calculations should be performed at vanishing renormalized mass; this can be achieved by working with massless fermion propagators, provided an appropriate fermion mass counterterm is introduced (diagram 11 in Fig. 2 ). , result from the L → ∞ extrapolation. 
To express our results in terms of the renormalized coupling constant, we also need the
Eqs. (27, 28) are in agreement with older references (see, e.g., Ref. [37] ).
A final necessary ingredient is the two-loop expression for Z L,RI ′ ψ , as required by Eqs. (11) (12) (13) ; this was calculated in Ref. [1] , in the renormalized Feynman gauge α RI ′ = 1, and is included here for completeness:
+6.2477(6) c In the case of Z V and Z T , all diagrams of Fig. 3 vanish, so that singlet and nonsinglet results coincide, just as in dimensional regularization. For Z AV on the other hand, the above diagrams give an additional contribution: The same extra contribution applies also to the MS scheme.
For the sake of completeness, and as an additional check on our results, we compute the renormalized Green's functions (for vanishing renormalized mass). Since the bare Green's functions have two contributions of different structure (as defined in Eq. (10), see also Eq.
(20)), we derive the renormalized expressions for these contributions separately:
where i = 1, 2. Similarly for MS, taking into account Eq. (25).
Since these functions are regularization independent, they can be calculated also using, e.g., dimensional regularization. We have computed G
T in both ways: either starting from our Eqs. (26) (27) (28) (29) (30) (31) (32) (33) (34) or using renormalization functions from dimensional regularization [2] . In all cases the two ways are in complete agreement. We obtain:
The vector renormalized Green's function in the RI ′ scheme coincides with the corresponding axial-vector expression, and thus Eqs.(39-40) also hold for the axial-vector case:
AV (q) = G 
Furthermore, the axial-vector renormalized 2-point functions in the MS scheme differ from Eqs. (41) (42) , due to the finite conversion factor Z ns 5 ; they read:
If one considers the singlet axial-vector current, then there exists an extra contribution to the expressions above:
For the RI ′ scheme, similar relations hold, the only difference being the absence of the factors Z s 5 , Z ns 5 ; we obtain:
Finally, for the tensor renormalized Green's function, we obtain:
Just as was expected from dimensional regularization, G (2) RI ′ T (q) = 0. The corresponding quantity in the MS scheme reads:
In Figs. 4, (5,6), In Fig. 9 we present, on the same plot, the values of Z 
IV. DISCUSSION
In this paper we have reported results regarding the Vector, Axial-Vector and Tensor fermion bilinear operators. This work, along with a previously published paper [1] regarding the Scalar and Pseudoscalar operators, provide a complete two loop calculation for the renormalization functions for local fermion bilinears, considering both the singlet and nonsinglet cases. The two-loop wave function renormalization constant, Z ψ , which is a prerequisite for our calculation, was presented in Ref. [1] (the reader should also refer to this paper for any necessary notation not included in the present sequel paper). As already mentioned, we take into account both singlet and nonsinglet operators. After evaluating all Feynman diagrams involved, we found that, for the Vector and Tensor operators, singlet renormalization functions coincide with nonsinglet ones. On the other hand, the Axial-Vector operator receives an additional contribution in the flavor singlet case.
The numerical integrations over loop momenta were executed on a Pentium IV cluster; they required the equivalent of 60 months on a single CPU.
A possible extension to the present calculation is the renormalization of more extended operators, with the same continuum limit as we have considered here. A standard basis of higher dimension operators, with the same quantum numbers as the local bilinears which we have considered, can be found e.g. in Ref. [5] . Such operators are frequently used to reduce O(a L ) effects. A number of additional Feynman diagrams must be introduced, since the vertices coming from these operators may also contain gluon lines. However, the additional integrals resulting after the contractions will be free of superficial divergences, leading to a less cumbersome computation, despite an increase in the size of the integrals.
Further directions regard higher dimensional operators, such asΨ D µ · · · D ν ΓΨ, which enter structure function calculations, and 4-fermion operators.
Finally, our computation can be easily extended to improved lattice actions. With regard to improved fermion actions, such as those containing twisted mass terms [39] or
Osterwalder-Seiler terms [40] , our results remain unchanged, since they pertain to massindependent schemes. Improving the gluon action, on the other hand, is more CPU consuming, but conceptually straightforward: Splitting (in iterative fashion) the Symanzik propagator into a Wilson gluon propagator plus the remainder, leads to the same bare Green's functions as the ones presented in this paper, with the addition of superficially convergent terms, which can be more easily manipulated. Based on our experience with other similar calculations, the algebraic expressions for the integrands will grow roughly by a factor of 5; furthermore, the gluon propagator must now be inverted numerically for each value of the momentum, leading to an additional factor of 2 in CPU time. Finally, if one wishes to employ more than one set of values for the Symanzik coefficients, CPU time for numerical integration will increase almost proportionately. Recently there has been interest in theories with fermions in other representations; some preliminary non-perturbative calculations have also appeared (see e.g. [41] , [42] ). In this
Appendix we describe the conventions we use in our work, regarding the generators of the algebra, and we then express our findings in an arbitrary representation.
Our results for Z V , Z AV , Z T , Eqs. (30, 31, 33) , can be easily generalized to an action with Wilson/clover fermions in an arbitrary representation R, of dimensionality d R .
In this case, the gluon part of the action remains the same, while all link variables appearing in the fermion part of the action assume the form:
Using standard notation and conventions, the generators T a in the fundamental representation satisfy:
In the representation R we have:
. For the 1-loop quantities, Eqs. (27, 28) , converting to the representation R is a straightforward substitution:
and, in addition, for Eq. (26):
Aside from these changes, all algebraic expressions (and the numerical coefficients resulting from loop integrations) remain the same. Actually, the reader could arrive at these results without knowledge of the per diagram breakdown, by virtue of the following fact: All "exceptional" powers of c F cancel out of
, if these are expressed in terms of the renormalized coupling constant a RI ′ . Thus, one may:
• Express Eqs. (30, 31, 33) 
in the fundamental representation (Eq. (28))
• Apply substitutions (A4), (A5) throughout
No correction terms are necessary in this procedure. We will focus on an arbitrary four-index integrand emerging, for example, from a "diamond"-like diagram with a Γ = γ 5 σ µ ν insertion. Taking into account the symmetries of this object, we can deduce all possible tensor structures which may appear, as a linear combination, in the result for the corresponding integral. Such structures are certainly tensors under the hypercubic group, but not necessarily so under the full SO(4) Euclidean rotation group: Terms such as δ µ ν ρ σ or q 4 /(q 2 ) 2 might be present 1 (q: external momentum), and if so they might spoil the renormalizability and/or the Lorentz invariance of the theory. We must show that in all cases, such terms are absent.
Let us begin by taking as an example an algebraic expression which contains both superficial and sub divergencies; this example serves as a prototype for all the cases we have encountered. Such an expression may arise from a "diamond"-like diagram with the insertion Γ = γ 5 σ µ ν :
where q is the external momentum and
No summation is implied over the indices µ, ν, ρ, σ.
From simple ultraviolet power counting on the term above, one can realize that the superficial degree of divergence is −8 and the degree of divergence in each of the two loops is −6
and −4. Thus, this term is not only superficially divergent but also contains a subdivergence in the right loop. All divergences are resolved by using a BPHZ procedure. The potential IR divergences, which may arise in intermediate steps, necessitate working in D > 4 dimensions as in [33] . Performing a BPHZ subtraction for the right loop, we split the integral into two parts:
The last term in Eq. (B3) is a separable integral. The integral over momentum p is a standard primitively divergent integral (see, e.g., [35] ), whose value contains only Lorentz invariant structures. The integral over momentum k does not depend on the external momentum q, and gives nonzero result only when the indices µ and σ are in the same direction.
Thus, this term assumes the following structural form:
In the remaining part of the original expression, we must still perform an extra subtraction, to cure the superficial divergence:
According to the BPHZ procedure, the quantity [I sub (q) − I sub (0)] is now UV-finite, and thus it equals the corresponding continuum expression. Consequently, once again, only Lorentz invariant structures arise:
The last part of the integral I µ ν ρ σ (q) (last term in Eq. (B6)) equals:
This q-independent integral could give rise to a structural form of the type δ µ ν ρ σ , which would spoil Lorentz invariance; however, this problem is avoided since the indices µ, ν in I µ ν ρ σ actually originate from the insertion Γ = γ 5 σ µ ν . As a consequence, only the combination I µ ν ρ σ − I ν µ ρ σ appears in the Feynman diagram, and no δ µ ν ρ σ contribution survives. Thus, we are led to:
Having completed the whole procedure for the integral shown in Eq. (B1), we conclude that the only functional form that a four-index object (with the symmetries described above) can have reads:
We emphasize again that, even though the above expression would be obvious in a continuum regularization, it is not so on the lattice, where one could have ended up with terms breaking Lorentz invariance.
Using similar considerations, we can prove that the two-and three-index expressions which appear in our calculation, will take the same structural form as in the continuum;
i.e., they will be free of Lorentz non invariant contributions, which could be present a priori,
Once we establish the structural form of the two-, three-and four-index integrals, we must compute the coefficients multiplying each tensor structure, such as the coefficients
. We illustrate the procedure by taking as an example the following two-index integral:
Along the same lines of reasoning as above, we conclude that the lattice integral I µ ν is of the same form as its continuum counterpart:
integral shown in Eq. (B12) with δ µ ν and q µ q ν , we get:
where D is the number of dimensions (on the lattice, D = 4). Once we evaluate the integrals I 1 and I 2 , we are able to determine the quantities A and B through the following relations:
Let us proceed with the evaluation of the integral I 1 by contracting δ µ ν with Eq. (B11), keeping only terms of order O(q 0 ). At first, we aim to reduce the number of propagators appearing in the denominator by employing the following property, which is valid on the lattice:
out the integration numerically. Integral I b , shown in Eq. (B19), is the product of two 1-loop integrals: The first one is well known and tabulated in [35] , whereas the second, being UV-finite, equals its continuum analogue and can be solved by using the following formula found in Ref. [34] :
where ε = (4 − D)/2, p ≡ ∂ 2 /∂p µ ∂p µ , and
Γ(a) is the Gamma function and B(α, β) = Γ(α) Γ(β)/Γ(α+β) is the Beta function. P n (p) is an arbitrary homogeneous polynomial in p: P n (λ p) = λ n P n (p). All UV-convergent integrals in our calculation can be treated using Eq. (B22), for various values of α, β, P n (p) (and also Eq. employing integration by parts, we find: 
), after simple trigonometry and use of the symmetry k → p −k, may be expressed in terms of superficially convergent and/or known divergent integrals, plus an integrand of the form p
(ii) the latter, upon contraction with q
• ρ and use of Eq. (B16), is expressed completely in terms of known integrals.
Some superficially convergent integrals, which contain subdivergences, often appear in various stages of our calculation. A simple prototype example is:
which is logarithmically divergent for q → 0. In such cases, a subtraction of the form:
leads to known separable integrals, plus terms in which one can set q = 0 without appearance of divergences.
In conclusion, using the steps which we outlined above, we have managed to evaluate the integral I 1 of Eq. In this appendix we present our perturbative results for the bare Green's functions, Only one Feynman diagram, shown in Fig. 1 , contributes to one-loop expressions. Our corresponding results for the three operators read:
The contribution to the bare Green's functions from the ℓ-th two-loop diagram, can be written in the folowing form: 
